We study new classes of facets for the cut cone C, generated by the cuts of the complete graph on n vertices. This cone can also be interpreted as the cone of all semi-metrics on n points that are isometrically l~-embeddable and, in fact, the study of the facets of the cut polytope is in some sense equivalent to the study of the facets of C~. These new facets belong to the class of clique-web inequalities which generalize the hypermetric and cycle inequalities as well as the bicycle odd wheel inequalities.
Introduction
This paper is a follow-up to [16] dealing with valid inequalities and facets of the cut cone C,. The cut cone (7, is the cone generated by the cuts of the complete graph K,, on n vertices. The cut polytope Pn is the polytope whose vertices are the cuts of K,. There are several motivations for the study of the cut cone. First, the study of the facial structure of the cut cone is relevant to the polyhedral approach to the max-cut problem which is a notorious NP-hard problem. The max-cut problem can be formulated as an optimization problem over the cut polytope, but a remarkable property of the cut polytope ([7] ) is that all its facets can be deduced from the facets of the cut cone via a "switching" property, that we shall recall below. On the other hand, the cut cone Cn is also relevant to the theory of finite metric spaces; namely, the elements of C, can be interpreted as the semi-metrics on n points which are isometrically/1-embeddable or, in other words, a vector d of ~n (,,-~) 
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In [16], we introduced, in particular, cycle inequalities and briefly announced their generalization to clique-web inequalities (CW inequalities, for short), This paper is devoted to the study of clique-web inequalities and is organized as follows.
In the first section, we introduce CW inequalities (in their pure and collapsed form) and we give a description of their roots, i.e., of the cuts realizing equality. In the second section, we give several new classes of facets of Cn arising from CW inequalities. We also show that the pure CW inequalities yield facets of the equicut polytope. We group in Section 3 the proofs for the results on CW facets stated in Section 2.
In [15], we generalize CW inequalities for multicut polytopes. We now give all notation and preliminaries needed for the paper. Our graph notation is classical, as well as the notions of polyhedral combinatorics that we will use. All graphs are simple and undirected. We denote by [1, n] the set of the n integers 1, 2 . . . . , n. K~ denotes the complete graph on the n nodes 1, 2 , . . . , n. Given a subset S of [1, n], the set ~(S) of all the edges of K~, having exactly one endnode in S is called the cut determined by S. Then, the incidence vector of the cut ~
(S) is the vector X ~(s), called the cut vector determined by S, and defined by Xa(s) =1 if /j is an edge of 3(S), i.e., [ S~{ i , j } ] = l , and x~(s)---O otherwise, for
1 <~ i <j<~ n. Since 6(S) = 6([1, n] -S), there are 2 "-1 -1 nonzero cut vectors. The cut cone C~ is the cone generated by all cut vectors of Kn. The cone Cn is a full dimensional polyhedral cone in ~n(~-~)/2 containing the origin.
Given a vector v of R "(n ~/2, the inequality v. x~<0 is called valid for C, if it is satisfied by all vectors of C,, or, equivalently, by all cut vectors. Then, the set F~ = {x ~ C, : v. x = 0} is the face generated by the valid inequality v. x ~< 0, or simply by v. For a cut 6(S), we set v ( 6 ( S ) ) =~j~a ( s ) v~. The cuts ~(S) whose incidence vectors belong to F~, i.e., the cuts 6(S) satisfying v(6(S)) = 0, are called the roots of v; we also say, for short, that the set S itself, defines a root of v. The" set of roots of v is denoted by R ( v ) . The dimension of the face Fo is the maximum number of affinely independent points in F~ minus one, or, equivalently, since F~ contains the origin, it is the maximum number of roots of v whose incidence vectors are linearly independent. A facet is a maximal face of C,, i.e., a face of dimension ½ n ( n -1 ) -1; if F~ is a facet, one also says that v is facet inducing.
Given a vector v of ~n(n--l)/2, its supporting graph G ( v ) is the weighted graph with nodeset [1, n] and whose edges are the pairs (i,j) for which v~j # 0, the edge ij being assigned weight vii. Conversely, if G is a (edge) weighted graph on n nodes, its edgeweight vector is the vector v of length ½ n ( n -1 ) where, for the edges /j of G, v~j is the weight of edge /j and vo = 0 i f / j is not an edge of G. If G is a graph, then, when the weights are not specified, they are assumed to be the unit weights, 
